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Abstract This paper mainly reports an improvement of frozen-image model which can qualitatively
describe the inﬂuence of lateral moving speed on vertical force in a HTS levitation system under
lateral movement with ﬁeld-cooling condition. The model is improved by introducing a dipole which
represents the inﬂuence of lateral moving speed and modifying the rule of diamagnetic dipole based
on frozen-image model. The vertical and lateral forces that are obtained by this improved model
agree with the previous measurements qualitatively. This model can also describe the eﬀect of ﬁnite
scale of superconductor sample in a levitation system. c© 2011 The Chinese Society of Theoretical
and Applied Mechanics. [doi:10.1063/2.1103101]
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Since the discovery of the high-temperature super-
conductor (HTS),1 the levitated magnet or bulk super-
conductor has become a symbol of the new technology
of superconductivity applications.2 The interaction be-
tween a permanent magnet (PM) and a HTS has be-
come the basis of the superconducting levitating sys-
tem operation design.3 The diamagnetic and ﬂux pin-
ning characteristics make high temperature supercon-
ducting levitation system has excellent loading capacity
and novel passive stable characteristic.
The vertical and lateral force characteristics have
been investigated experimentally and theoretically. It
has been found that the vertical force and lateral force
between a PM and a HTS are determined by the cool-
ing height,4–7 moving speed,8 etc.. Based on the dia-
magnetic characteristics of HTS and the opinion that
the frozen image dipole creates the same magnetic ﬁeld
distribution outside the HTS as the frozen magnetic
ﬂux does, Kordyuk9 presented a model named frozen-
image model which can calculate the inﬂuences of cool-
ing height (CH) on the vertical and lateral forces ex-
cept the hysteretic characteristics. This model consid-
ers that the force components between a PM and a HTS
can be represented by the forces between dipoles. Hull
and Cansiz4 investigated the case that the vector di-
rection of PM dipole was perpendicular to the surface
of HTS and compared the results of theory and exper-
iment. Hull and Cansiz pointed out that the frozen-
image method did not account for ﬂux ﬂow, and did not
predict hysteresis in the vertical and lateral forces, and
only gave the vertical force in zero ﬁeld-cooling. Yang
and Zheng10 introduced two dipoles, the vertical and
horizontal movement images, which made their updated
model can describe the trapped ﬂuxes when the per-
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manent magnet moves vertically and horizontally, re-
spectively. Their updated frozen-image model can give
the lateral force in zero ﬁeld-cooling and the hysteresis
in the vertical and lateral forces. Our previous work11
modiﬁed the model based on the updated frozen-image
model of Yang and Zheng.10 In that work we placed the
vertical movement images at the mirror coordinate po-
sition of initial cooling position of PM dipole, this mod-
iﬁcation of the model gave the hysteretic characteristic
of the vertical force and the saturated characteristic of
the maximum vertical force of force-distance loops due
to diﬀerent cooling processes.
Our another previous work8 show experimentally
that in an axial symmetrical levitation system, at an
arbitrary diﬀerent cooling height which is greater than
the levitation height (LH), with the increasing of lateral
moving speed of the PM, the area of the hysteresis loop
of vertical force versus lateral displacement increases,
and while the hysteresis loop of lateral force has little
change.
This paper will give an improved model based on
the updated frozen-image model of Yang and Zheng10
that can qualitatively describe the experimental results
mentioned in our previous work.8
As mentioned in Ref. 9, the PM and HTS can be
considered as a point magnetic dipole and a ﬂat ideally
hard superconductor respectively in the frozen-image
method. The force components between a cylindrical
shaped permanent magnet and a high-temperature su-
perconductor can be represented by the forces between
some magnetic dipoles.
The improved model is illustrated by Fig. 1. Com-
paring with the model in Ref. 10, we introduce a dipole
6 with magnetic moment vector m6 to reﬂect the in-
ﬂuence of lateral moving speed; and modify the rule of
m2 whose magnitude should vary with the lateral dis-
placement of PM in the case of a ﬁnite HTS.
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We assume that the directions of all magnetic
dipoles are parallel to the z axis. The positive direc-
tion of dipoles is the same with the positive z axis. The
PM dipole 1 with magnetic moment vector m1 creates
the same magnetic ﬁeld distribution outside the PM as
the PM does. The direction of m1 is along the pos-
itive direction of z axis. The HTS is assumed to be
semi-inﬁnite structure. The horizontal plane of z = 0
is the upper boundary of the HTS. The diamagnetic
mirror image 2 with magnetic moment vector m2 (due
to screening current in the HTS) moves when the PM
moves so that its lateral position equals that of the PM
and its vertical height below the HTS surface equals the
height of the PM above the surface. The direction ofm2
is opposite to that ofm1. So the quantity of the vector
m2 is −m2. After keeping the PM above the HTS on
a certain height and then cooling the HTS to supercon-
ducting state, the frozen image 3 formed. Once formed,
the frozen image 3 with magnetic moment vector m3
(due to trapped ﬂux in the HTS at a certain initial
cooling process) does not change and move and has a
ﬁxed position below the HTS surface equals the height
of the PM above the surface at the initial cooling posi-
tion. The magnetic dipoles 3 and 1 have the same direc-
tion. So the quantity of the vectorm3 is m3. When the
PM moves in the vertical direction, the magnetic ﬂux
will come in or out from the HTS because the exter-
nal magnetic ﬁeld becomes strong or weak. A magnetic
dipole 4 with magnetic moment vector m4 named ver-
tical movement image creates the same magnetic ﬁeld
distribution outside the HTS as the magnetic ﬂux that
is trapped by the HTS does when the PM moves ver-
tically. The magnitude and direction of the magnetic
dipole 4 relates to the vertical movement of the PM.
z0 is supposed to be the minimum vertical gap between
PM and HTS. We assume that the vertical movement
image 4 does not move, and has coordinates (0,−z0) in
order to simplify the force analytical expressions. The
magnitude of m4 is equal to zero when the PM at the
initial cooling position because m4 is originated from
vertical movement of the PM. The magnitude and di-
rection of m4 do not change when the PM moves in
horizontal direction. A magnetic dipole 5 with mag-
netic moment vector m5 named horizontal movement
image creates the same magnetic ﬁeld distribution out-
side the HTS as the ﬂux that is trapped by the HTS
does when the PM moves horizontally. When the PM
begins to move laterally, the horizontal movement im-
age 5 obtains its initial value of zero. We assume that
the horizontal movement image m5 does not move and
has coordinates(0,−z0). The magnitude and direction
of the horizontal movement image 5 relate to the lateral
movement of the PM.
The dipole 6 with magnetic moment vector m6
moves when the PM moves so that its lateral position
equals that of the PM and its vertical height below the
HTS surface equals the minimum gap z0.
The force between two dipoles can be described as
F = (m ·∇)B, (1)
where m is the magnetic moment vector of one dipole
and B is the magnetic ﬁeld distribution from the other
dipole.
As shown in Fig. 1, the force acting on dipole 1
of magnetic moment m1 at coordinate (x, z) due to a
diamagnetic dipole 2 of magnetic moment −m2 at co-
ordinate (x,−z), a frozen image dipole 3 of magnetic
moment m3 at coordinate (0,−h), a vertical movement
image 4 of magnetic moment m4 at coordinate (0,−z0),
a horizontal movement image 5 of magnetic moment m5
at coordinate (0,−z0) and a lateral moving speed image
6 of magnetic moment m6 at coordinate (x,−z0) is
Fx(x, z) = A
{[
x3 − 4x (z + h)2
]
m3/
[
x2 + (z + h)
2
]7/2
+
[
x3 − 4x (z + z0)2
]
(m4 +m5) /
[
x2 + (z + z0)
2
]7/2 }
,
(2)
Fz(x, z) = A
{
2m2/(2z)
4
+
[
3 (z + h)x2 − 2 (z + h)3
]
m3/
[
x2 + (z + h)
2
]7/2
+
[
3 (z+z0)x
2−2 (z + z0)3
]
(m4 +m5) /
[
x2 + (z + z0)
2
]7/2
− 2m6/ (z + z0)4
}
,
(3)
where A = (3μ0m1)/4π, and h is the initial cooling
height.
Fig. 1. Schematic diagram of the improved frozen-image
method: 1, the PM; 2, the diamagnetic image; 3, the frozen
image; 4, the vertical movement image; 5, horizontal move-
ment image; 6, lateral moving speed image
In calculation, to compare with the existing exper-
imental results in Ref. 8 and the other results that
obtained from the same experiments have not yet been
published, we choose the same moving process compar-
ing with Ref. 8 except some parameters. The moving
process is that ﬁrstly move the PM from CH to mini-
mum gap z0, and then move the PM laterally from the
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central position to maximum lateral displacement along
the positive x axis and then back to the central position.
The PM moves laterally with diﬀerent speeds.
During this moving process, when the PM is moved
from the initial cooling height to the minimum gap,
the rule of m4 is m4 = −a1(h − z), where a1 is
a proportional constant. After the PM get to the
minimum gap z0, it is moved from the central po-
sition to maximum lateral displacement with a se-
lected speed, such as v =1.0, 5.0, 10.0, 15.0 mm/s.
In this lateral moving, the rule of m2 is m2 =
β1m1(xm − x)/xm, the rule of m5 is m5 = c1x, the
rule of m6 is m6 = d1x˙x (xm − x) (h− z0). When the
PM is moved back to the central position, the rule
of m2 is m2 = β2m1(xm − x)/xm, the rule of m5 is
m5 = c1xm − c2 (xm − x), the rule of m6 is m6 =
d2x˙x (xm − x) (h− z0), where β1, β2, c1, c2, d1, d2 are
proportional constants, and xm is maximum lateral dis-
placement. In this paper, we set the value of parameters
as a1 = 9.0 Am, c1 = 4.0 Am, c2 = 6.0 Am, xm = 10
mm, z0 = 5 mm. For the convenience of comparing with
Ref. 10, we choose the parameters m1 = m3 = 0.2 Am
2,
which have been adopted in Ref. 10. This induces the
magnetic moment of PM used in the experiments does
not equal to the magnetic moment of dipole 1, and then
leads to that our calculating results and experimental
results are not constant in quantitative, just constant
in qualitative.
For the situation that CH=30 mm and diﬀerent lat-
eral moving speeds such as v =1.0, 5.0, 10.0, 15.0 mm/s,
we choose the parameters that β1 = 1.0, β2 = 0.8,
d1 = −5.0 × 106 As/m4, d2 = 5.0 × 106 As/m4. The
results obtained from our improved model with such pa-
rameters are shown in Fig. 2. From Fig. 2, we can see
that with the increasing of moving speed, the hysteretic
loop area enlarges. And after the PM gets back to the
central position, the vertical force reduces comparing
with the force when initial moving from the central po-
sition. These characteristics are the same as the experi-
mental results shown in Fig. 3 (and Fig. 2(a) in Ref. 8)
qualitatively.
Fig. 2. Vertical force vs lateral displacement at z0 = 5 mm
and CH=30 mm from the improved model
For the situation that CH=9 mm and diﬀerent lat-
eral moving speeds such as v =1.0, 5.0, 10.0, 15.0 mm/s,
Fig. 3. Vertical force vs lateral displacement at z0 = 7 mm
and CH=35 mm from the experiments
we choose the parameters that β1 = 1.0, β2 = 0.9,
d1 = −1.0 × 107 As/m4, d2 = 1.0 × 107 As/m4. The
results obtained from improved model with such pa-
rameters are shown in Fig. 4. From Fig. 4, we can see
that with the increasing of moving speed, the hysteretic
loop area enlarges. And after the PM get back to the
central position, the vertical force does not change com-
paring with the force of initial moving from the central
position. This indicates that for CH less than 9 mm,
the vertical force will turn to enhance after the PM get
back to the central position. These are the same as the
experimental results shown in Fig. 5 qualitatively.
Fig. 4. Vertical force vs lateral displacement at z0 = 5 mm
and CH=9 mm from the improved model
For the situation that CH=7 mm and diﬀerent lat-
eral moving speeds such as v =1.0, 5.0, 10.0, 15.0 mm/s,
we choose the parameters that β1 = 1.0, β2 = 1.05,
d1 = −2.0 × 107 As/m4, d2 = 2.0 × 107 As/m4. The
results obtained from improved model with such param-
eters are shown in Fig. 6. From Fig. 6, we can see that
with the increasing of moving speed, the hysteretic loop
area also enlarges. And after the PM get back to the
central position, the vertical force enhances. There is
a crossing on hysteretic loop curve, same as the experi-
mental results shown in Fig. 7 qualitatively.
For the situation that CH=5 mm, because the rule
of m6 and z0 = 5 mm, the moving speed has no inﬂu-
ence on vertical force. And our improved model has no
betterment on lateral force because the dipoles 2 and 6
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Fig. 5. Vertical force vs lateral displacement at z0 = 7 mm
and CH=15 mm from the experiments
Fig. 6. Vertical force vs lateral displacement at z0 = 5 mm
and CH=7 mm from the improved model
have no contribution on lateral force.
For the comparison with diﬀerent CHs, we draw the
calculated data of same speed (v = 1.0 mm/s) and dif-
ferent CHs in Fig. 8, same as the experimental results
in Fig. 9 (and Fig. 3 in Ref. 8) qualitatively. From
Figs. 8 and 9, one can see that for the situation that
CH is larger than a certain value, the vertical force at
the coaxial position decrease when the PM get back to
the central position; and for the situation that CH less
than this certain value the vertical force at the coaxial
position increases when the PM get back to the central
position.
Fig. 7. Vertical force vs lateral displacement at z0 = 7 mm
and CH=10 mm from the experiments
Fig. 8. Vertical force vs lateral displacement at z0 = 5mm
for v=1.0 mm/s and diﬀerent CHs (CH=5, 7, 9, 20, 30 mm)
from the improved model
Fig. 9. Vertical force vs lateral displacement at z0 = 7 mm
for v=1.0 mm/s and diﬀerent cooling heights (CH=7, 10,
15, 35 mm) from the experiments
From these comparisons, it will be more obvious
that our improved model is suitable for predicting the
forces behavior in such moving process. But as the im-
proved model does not incorporate the demagnetization
eﬀect, our calculating results do not agree well with the
experimental results in curve shape.
This article presents an improvement of frozen-
image model. By introducing a lateral moving speed
dipole 6, our improved model can describe the inﬂuence
of lateral moving speed on hysteretic loop of vertical
force versus lateral displacement with ﬁeld-cooling con-
dition. This inﬂuence of lateral moving speed is the
phenomenon that the area of the hysteresis loop of ver-
tical force increases with the increasing of lateral mov-
ing speed of the PM. And by changing the rule of dia-
magnetic dipole, the eﬀect of the diameter of HTS is
incorporated. The calculations of vertical forces in this
article agree with the previous experimental measure-
ments qualitatively.
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